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LOCALLY CONFORMALLY FLAT LORENTZIAN
QUASI-EINSTEIN MANIFOLDS
M. BROZOS-VA´ZQUEZ E. GARCI´A-RI´O S. GAVINO-FERNA´NDEZ
Abstract. We show that locally conformally flat quasi-Einstein manifolds
are globally conformally equivalent to a space form or locally isometric to a
pp-wave or a warped product.
1. Introduction
Einstein metrics are important both in mathematics and physics. Some general-
izations like conformally Einstein metrics and Ricci solitons play an important role
in understanding the AdS/CFT correspondence and the Ricci flow, respectively [2],
[7]. In this paper we focus on another generalization which is related to the study
of smooth metric measure spaces. A smooth metric measure space is a Riemannian
manifold with a measure which is conformal to the Riemannian one. Formally, it
is a triple (M, g, e−fdvolg), whereM is a complete n-dimensional smooth manifold
with Riemannian metric g, f is a smooth real valued function on M , and dvolg is
the Riemannian volume density on (M, g). This is also sometimes called a manifold
with density.
A natural extension of the Ricci tensor to smooth metric measure spaces is the
m-Bakry-Emery Ricci tensor
ρmf = ρ+Hesf −
1
m
df ⊗ df, for 0 < m ≤ ∞.
When f is constant, this is the usual Ricci tensor. We call a quadruple (M, g, f,− 1
m
)
quasi-Einstein if it satisfies the equation ρmf = λg, for some λ ∈ R. Quasi-Einstein
manifolds are a generalization of Einstein metrics and they contain the gradient
Ricci solitons as a limit case when m =∞. Moreover they are also closely related
to the construction of warped product Einstein metrics. Recall here that a complete
classification of warped product Einstein metrics is still an open problem in spite
of their interest in describing standard stationary metrics. Quasi-Einstein metrics
and, more generally, them-Bakry-Emery Ricci tensor allows some generalizations of
the celebrated Hawking-Penrose singularity theorems and the Lorentzian splitting
theorem [8].
We are going to work in a slightly more general setting. Henceforth let (M, g)
be a Lorentzian manifold of dimension n + 2, with n ≥ 1. Let f be a smooth
function on M and let µ ∈ R be an arbitrary constant. We say that (M, g, f, µ) is
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quasi-Einstein if there exists λ ∈ R so that
(1) ρ+Hesf − µdf ⊗ df = λg.
If we particularize the elements of this quadruple we get some important families
of manifolds. Thus, for example, if µ = 0 then quasi-Einstein manifolds correspond
to gradient Ricci solitons and if f is constant (1) reduces to the Einstein equation.
There are other interesting relations between quasi-Einstein manifolds and some
well-known structures:
(a) If (M, g, f,− 1
n
) is quasi-Einstein, then the conformal metric g˜ = e−
2
n
fg
is Einstein since, from the expression of the Ricci tensor of a conformal
metric, we get [14]
ρg˜ = ρg +Hesf +
1
n
df ⊗ df +
1
n
(∆f − ‖∇f‖2)g
=
1
n
(∆f − ‖∇f‖2 + nλ)e
2
n
f g˜,
where∇f and ∆f denote the gradient and the Laplacian of f . In particular,
if g is also locally conformally flat, then g˜ has constant curvature.
(b) Let M ×f F be an Einstein warped product. Then it follows from the
expressions of the Ricci tensor of the warped product (see, for example,
[11]) that (M, g,−(dim F ) log(f), 1dim F ) is quasi-Einstein.
Locally conformally flat complete quasi-Einstein Riemannian manifolds were re-
cently classified in [9]. The purpose of this work is to describe the local structure
of locally conformally flat quasi-Einstein manifolds in the Lorentzian setting. The
main result is summarized as follows
Theorem 1. Let (M, g, f, µ) be a locally conformally flat Lorentzian quasi-Einstein
manifold.
(i) If µ = − 1
n
, then (M, g) is globally conformally equivalent to a space form.
(ii) If µ 6= − 1
n
, then
(a) In a neighborhood of any point where ‖∇f‖ 6= 0, M is locally isometric
to a warped product I×φF , where I is a real interval and F is a (n+1)-
dimensional fiber of constant sectional curvature.
(b) If ‖∇f‖ = 0, then (M, g) is locally isometric to a plane wave, i.e.,
(M, g) is locally isometric to R2 × Rn with metric
g = 2dudv +H(u, x1, . . . , xn)du
2 +
n∑
i=1
dx2i ,
where H(u, x1, . . . , xn) = a(u)
∑n
i=1 x
2
i +
∑n
i=1 bi(u)xi+c(u), for some
functions a(u), bi(u), c(u), and the function f is a function of u sat-
isfying f ′′(u)− µ(f ′(u))2 − na(u) = 0.
Depending on the character of ∇f we say that a quasi-Einstein manifold is non
isotropic if ‖∇f‖ 6= 0 or isotropic if ‖∇f‖ = 0. In the following sections we will
study both cases separately.
The paper is organized as follows. In Section 2 we study some formulae and
properties involving geometric objects of quasi-Einstein manifolds, specially the
Ricci tensor, and introduce pp-waves. The analysis of case (ii)(a) in Theorem 1 is
carried out in Section 3. In Section 4 we obtain some results on the isotropic case
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and, finally, we study locally conformally flat quasi-Einstein pp-waves in Section 5
to complete the proof of Theorem 1.
2. Preliminaries
Let (M, g, f, µ) be a Lorentzian quasi-Einstein manifold. As observed in the
Introduction, if µ = − 1
n
, the manifold is globally conformally equivalent to a space
form. In what follows we are going to introduce some results and definitions that
we will use in the subsequent sections to prove Theorem 1-(ii).
2.1. General formulae. Although the next result was given in [9], we include
a sketch of a proof following a different strategy in order to make the paper as
self-contained as possible.
Lemma 2. A Lorentzian quasi-Einstein manifold (M, g, f, µ) satisfies
τ +∆f − µ‖∇f‖2 = (n+ 2)λ,(2)
∇τ = 2(λ− (n+ 2)λµ+ µ(1− µ)‖∇f‖2 − µτ)∇f + (µ− 1)∇‖∇f‖2.(3)
Proof. Equation (2) is obtained by simply contracting equation (1). Taking into
account the contracted Second Bianchi identity ∇τ = 2div(ρ) and the Bochner
formula div(∇∇f) = ρ(∇f) +∇∆f we compute the divergence of Equation (1):
0 =div(λg)(X)
=div(ρ+Hesf − µdf ⊗ df)(X)
=
1
2
g(∇τ,X) + ρ(∇f,X) + g(∇∆f,X)
− µg((div∇f)∇f,X)− µg(∇∇f∇f,X).
Covariantly differentiating Equation (2) we get ∇τ = −∇∆f+µ∇‖∇f‖2. Using
this equation and that ∇∇f∇f =
1
2∇‖∇f‖
2 we see that
0 =
1
2
g(∇τ,X) + λg(∇f,X) + µ‖∇f‖2g(∇f,X)− g(∇∇f∇f,X)
+ g(µ∇‖∇f‖2, X)− g(∇τ,X)− µg(∆f∇f,X)− µg(∇∇f∇f,X)
=g
(
−
1
2
∇τ + (λ+ µ‖∇f‖2 − µ∆f)∇f +
(
µ− 1
2
)
∇‖∇f‖2, X
)
.
Now we replace ∆f by (n+ 2)λ+ µ‖∇f‖2 − τ to obtain Equation (3). 
Remark 3. If the quasi-Einstein manifold (M, g, f, µ) is isotropic, i.e., ‖∇f‖ = 0,
then Equation (3) reduces to
∇τ = 2(λ− µ((n+ 2)λ− τ))∇f.
Also note that, from Equation (1), one can write the Ricci operator (g(Ric(X), Y ) =
ρ(X,Y )) in the direction of ∇f as
2Ric(∇f) = 2λ∇f + 2µ‖∇f‖2∇f −∇‖∇f‖2,
so, if ‖∇f‖ = 0, then Ric(∇f) = λ∇f and ∇f is an eigenvector of the Ricci
operator associated to the eigenvalue λ.
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2.2. Some curvature properties of locally conformally flat quasi-Einstein
manifolds. Let (M, g) be an arbitrary (n + 2)-dimensional Lorentzian manifold.
If n ≥ 2, local conformal flatness is characterized by the fact that the curvature
tensor is given by
(4)
R(X,Y, Z, T ) =
τ
n(n+ 1)
{g(X,T )g(Y, Z)− g(X,Z)g(Y, T )}
+ 1
n
{ρ(X,Z)g(Y, T ) + ρ(Y, T )g(X,Z)
−ρ(X,T )g(Y, Z)− ρ(Y, Z)g(X,T )} .
since the Weyl tensor is zero. If n = 1, (4) is always satisfied and does not char-
acterize local conformal flatness. Let C = 1
n
(
ρ− τ2(n+1)g
)
denote the Schouten
tensor. For any n ≥ 1, if (M, g) is locally conformally flat then C is a Codazzi ten-
sor, i.e., its covariant derivative is totally symmetric and, moreover, this property
characterizes local conformal flatness if n = 1.
We proceed as in [10] to begin the study of the spectrum of the Ricci tensor.
Lemma 4. Let (M, g, f, µ) be a locally conformally flat quasi-Einstein manifold of
dimension n+ 2. Then, if µ 6= − 1
n
, ∇f is an eigenvector of the Ricci operator.
Proof. Since (M, g) is locally conformally flat the Schouten tensor is Codazzi, so
(5) (∇Xρ)(Y, Z)−
X(τ)
2(n+ 1)
g(Y, Z) = (∇Y ρ)(X,Z)−
Y (τ)
2(n+ 1)
g(X,Z),
for all vector fields X,Y, Z.
Using Equation (1) we can write
(∇Xρ)(Y, Z) =− (∇XHesf)(Y, Z) + µ(∇Xdf ⊗ df)(Y, Z)
=−X(Hesf)(Y, Z) + g(∇∇XY∇f, Z) + g(∇Y∇f,∇XZ)
+ µ (X(df ⊗ df(Y, Z))− g(∇f,∇XY )Z(f)− g(∇f,∇XZ)Y (f))
=− g(∇X∇Y∇f, Z) + g(∇∇XY∇f, Z)
+ µ(Hesf (X,Y )g(∇f, Z) + Hesf (X,Z)g(∇f, Y )).
We substitute this expression in (5) to get
− g(∇X∇Y∇f, Z) + g(∇∇XY∇f, Z)−
X(τ)
2(n+ 1)
g(Y, Z) + µHesf (X,Z)g(∇f, Y )
=− g(∇Y∇X∇f, Z) + g(∇∇Y X∇f, Z)−
Y (τ)
2(n+ 1)
g(X,Z) + µHesf (Y, Z)g(∇f,X).
Reorganizing the terms of this expression and using that the curvature tensor is
given by R(X,Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z, we obtain
R(X,Y, Z,∇f) =−
X(τ)
2(n+ 1)
g(Y, Z) +
Y (τ)
2(n+ 1)
g(X,Z)(6)
+ µ(Hesf (X,Z)g(∇f, Y )−Hesf (Y, Z)g(∇f,X)).
We choose vector fields Z = ∇f and X such that g(X,∇f) = 1 to get that
0 =
Y (τ)
2(n+ 1)
− µHesf (Y,∇f)
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for all Y ⊥ ∇f . Now, from Equation (3) we have that Y (τ) = 2(µ− 1)Hesf (Y,∇f)
so
0 = −
nµ+ 1
n+ 1
Hesf (Y,∇f).
Hence, either µ = − 1
n
or ∇f is an eigenvector of the Hessian operator hesf (X) =
∇X∇f . Assume the latter, from (1) we have that ρ(Y,∇f) = −Hesf (Y,∇f) and
therefore
0 =
nµ+ 1
n+ 1
ρ(Y,∇f),
showing that ∇f is also an eigenvector of the Ricci operator, unless µ = − 1
n
. 
2.3. pp-waves. A Lorentzian manifold is said to be indecomposable if the metric
is degenerate on any invariant proper subspace of the holonomy group. Indecom-
posable but not irreducible Lorentzian manifolds admit a parallel degenerate line
field D and the curvature tensor satisfies
R(D,D⊥, ·, ·) = 0, R(D,D, ·, ·) = 0, and R(D⊥,D⊥,D, ·) = 0.
Among manifolds with these properties, those with D spanned by a parallel null
vector field and satisfying R(D⊥,D⊥, ·, ·) = 0 constitute the family described in the
following definition and play an important role both in Physics and Mathematics.
Definition 5. A manifold (M, g) locally isometric to (R2 × Rn, gppw) with metric
given in local coordinates (u, v, x1, . . . , xn) by
(7) gppw = 2dudv +H(u, x1, . . . , xn)du
2 +
n∑
i=1
dx2i ,
where H(u, x1, . . . , xn) is an arbitrary smooth function, is called a pp-wave. More-
over, if H(u, ·) is a quadratic form in Rn then (M, g) is said to be a plane wave.
In Section 5 we will use the following result given in [12] that characterizes
pp-waves in terms of the Ricci tensor.
Lemma 6. Let (M, g) be a Lorentzian manifold admitting a parallel null line field
D so that R(D⊥,D⊥, ·, ·) = 0. If the image of the Ricci operator Ric is totally
isotropic then (M, g) is a pp-wave.
3. Non isotropic locally conformally flat quasi-Einstein manifolds
In this section we show that in a neighborhood of any point where ‖∇f‖ 6= 0
the underlying manifold has the local structure of a warped product, thus proving
Theorem 1-(ii)− (a).
Lemma 7. Let (M, g, f, µ) be a locally conformally flat Lorentzian quasi-Einstein
manifold with ‖∇f‖P 6= 0 in some point P ∈ M . Then, if µ 6= −
1
n
, (M, g) is a
warped product of a real interval and a space of constant sectional curvature on a
neighborhood of P .
Proof. Since ‖∇f‖P 6= 0, ‖∇f‖ 6= 0 on a neighborhood U of P . Consider the unit
vector V = ∇f‖∇f‖ on U , which can be timelike or spacelike (we set ε = g(V, V ) = ±1).
Consider a local orthonormal frame {V = E0, E1, . . . , En+1} and set εi = g(Ei, Ei).
From Lemma 4 we have that ρ(Ei, V ) = Hesf (Ei, V ) = 0 for all i = 1, . . . , n+1,
hence from Equation (3) we obtain
Ei(τ) = 2‖∇f‖(1− µ)ρ(V,Ei) = 0.
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We compute R(V,Ei, Ei, V ) in Equations (6) and (4) to see that
−
V (τ)
2(n+ 1)‖∇f‖
εi − µHesf (Ei, Ei)ε =
τ
n(n+ 1)
εiε−
1
n
ρ(V, V )εi −
1
n
ρ(Ei, Ei)ε,
from where(
µ+
1
n
)
Hesf (Ei, Ei)ε =
(
−
τ
n(n+ 1)
ε+
1
n
ρ(V, V ) +
1
n
λε−
V (τ)
2(n+ 1)‖∇f‖
)
εi.
This shows that, when µ 6= − 1
n
the level sets of f are totally umbilical hyper-
surfaces. Hence, as the normal foliations are totally geodesic (g(∇∇f∇f, Ei) =
Hesf (∇f, Ei) = 0, ∀i = 1, . . . , n+ 1), (M, g) decomposes locally as a twisted prod-
uct (see [13]). Now, since ρ(V,Ei) = 0 for all i = 1, . . . , n+ 1, the twisted product
reduces to a warped product [11]. In conclusion (M, g) is locally a warped prod-
uct (I × N, εdt2 + ψ(t)2gN), which is locally conformally flat by hypothesis and
hence (N, gN ) is a Riemannian or a Lorentzian manifold of constant sectional cur-
vature [6]. 
Remark 8. Note that in Riemannian signature a quasi-Einstein manifold satisfies
the hypothesis of Lemma 7 and analogous arguments to those given here apply.
Thus one has that locally conformally flat quasi-Einstein manifolds are either con-
formally equivalent to a space form or locally isometric to a warped product of
a real interval and a space of constant sectional curvature. We refer to [9] for a
different proof of this result.
4. Isotropic locally conformally flat quasi-Einstein manifolds
In order to prove Theorem 1-(ii) − (b), in this section we are going to study
isotropic locally conformally flat Lorentzian quasi-Einstein manifolds.
Lemma 9. Let (M, g, f, µ) be an isotropic locally conformally flat Lorentzian quasi-
Einstein manifold. Then, if µ 6= − 1
n
, around any regular point of f , the manifold
(M, g) is locally a pp-wave.
Proof. Let (M, g, f, µ) be quasi-Einstein with ‖∇f‖ = 0. We will see that ∇f spans
a parallel null line field, but we start by analyzing the Ricci tensor. First we choose
an appropriate basis to work with. Set V = ∇f . Since V is a null vector, there exist
orthogonal vectors S, T satisfying g(S, S) = −g(T, T ) = 12 such that V = S + T .
Define U = S−T , which is a null vector such that g(U, V ) = g(S, S)− g(T, T ) = 1,
and consider a basis {U, V,E1, . . . , En}, with g(Ei, Ei) = 1 for all i = 1, . . . , n. We
begin the study of the Ricci tensor by noting that, since Ric(V ) = λV by Remark 3,
we have
ρ(V, V ) = 0, ρ(U, V ) = λ and ρ(V,Ei) = 0 ∀i = 1, . . . , n.
We compute R(U,Ei, Ej , V ) both in Equation (6) and in Equation (4) to see that
(8)
−U(τ)
2(n+ 1)
δij − µHesf (Ei, Ej) =
τ
n(n+ 1)
δij −
1
n
λδij −
1
n
ρ(Ei, Ej).
From Equation (1) we get that Hesf (Ei, Ej) = λδij −ρ(Ei, Ej) and from Remark 3
that U(τ) = 2(λ − µ((n + 2)λ − τ)). Hence, since µ 6= − 1
n
, from Equation (8)
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we conclude that, if i 6= j, then ρ(Ei, Ej) = 0, whereas ρ(Ei, Ei) =
τ−λ
n+1 for all
i = 1, . . . , n. Now, compute the scalar curvature
τ = 2ρ(U, V ) + nρ(Ei, Ei) = 2λ+ n
τ − λ
n+ 1
,
to see that
τ = (n+ 2)λ,
so τ is constant. Moreover, since ∇τ = 0, by Remark 3 we have that λ − µ((n +
2)λ− τ) = 0 and then λ = 0 = τ . From (4) we compute
ρ(U,Ei) = R(U, V,Ei, V ) +
∑
j 6=i
R(U,Ej , Ei, Ej) =
n− 1
n
ρ(U,Ei).
Thus ρ(U,Ei) = 0 for i = 1, . . . , n and the only possibly nonzero term of the Ricci
tensor is ρ(U,U). Therefore the Ricci operator is two-step nilpotent and its image
is totally isotropic.
Now we are going to show that the line field D = span{V } is parallel by checking
that V is a recurrent vector field. Thus, from Equation (1) we compute
hesh(U) = −Ric(U) + µdf ⊗ df(U) = −ρ(U,U)U + µU,
hesh(V ) = −Ric(V ) + µdf ⊗ df(V ) = 0,
hesh(Ei) = −Ric(Ei) + µdf ⊗ df(Ei) = 0,
to see that ∇X∇f = ω(X)∇f for the 1-form ω given by ω(U) = µ − ρ(U,U),
ω(V ) = 0, ω(Ei) = 0 for all i = 1, . . . , n.
It is now easy to see from (4) and the information on the Ricci tensor that
R(D⊥,D⊥, ·, ·) = 0.
Hence, by Lemma 6, it follows that (M, g) is a pp-wave. 
Remark 10. Note that although (M, g) is a pp-wave, and hence it admits a null
parallel vector field, ∇f is not in general parallel.
5. Locally conformally flat quasi-Einstein pp-waves
Let (M, gppw) be a pp-wave given in local coordinates as in (7). Denote ∂u =
∂
∂u
,
∂v =
∂
∂v
and ∂i =
∂
∂xi
for all i = 1, . . . , n. The possibly non-zero components of the
curvature tensor are given, up to the usual symmetries, by
(9) R(∂u, ∂i, ∂u, ∂j) = −
1
2
∂2ijH, i, j = 1, . . . , n.
Hence the only possibly non-zero component of the Ricci tensor is
(10) ρ(∂u, ∂u) = −
1
2
n∑
i=1
∂2iiH.
Thus, a pp-wave is Einstein, and moreover Ricci flat, if and only if the space-
Laplacian of the defining function H vanishes identically. As a consequence of
expressions (9) and (10), a pp-wave as in (7) is locally conformally flat if
(11) H(u, x1, . . . , xn) = a(u)
n∑
i=1
x2i +
n∑
i=1
bi(u)xi + c(u),
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for arbitrary smooth functions a, b1, . . . , bn, c on the variable u. Furthermore, note
that in this case the Ricci tensor is only a function of u, ρ(∂u, ∂u) = −na(u). Recall
that a pp-wave whose defining function H(u, ·) is a quadratic form on the variables
x1, . . . , xn is called a plane wave. Thus, one can change variables in Equation (11)
to see that locally conformally flat pp-waves are a particular family of plane waves.
The following result characterizes locally conformally flat quasi-Einstein pp-
waves.
Lemma 11. Let (M, gppw, f, µ) be a non-trivial locally conformally flat quasi-
Einstein pp-wave with gppw given as in (7). Then one of the following holds:
(i) µ = 0 and (M, gppw, f) is a steady gradient Ricci soliton with f a function
of u satisfying f ′′(u) = −ρ(∂u, ∂u) = na(u).
(ii) µ = − 1
n
and (M, gppw) is conformally equivalent to a manifold of constant
sectional curvature c ≤ 0. Moreover, if M is 3-dimensional or ‖∇f‖ = 0,
it is conformally equivalent to a flat manifold.
(iii) µ 6= 0 and µ 6= − 1
n
, then the function f is given by
f(u, v, x1, . . . , xn) = −
1
µ
log{f0(u)}
with
f ′′0 (u) = ρ(∂u, ∂u)µf0(u) = −na(u)µf0(u).
Proof. If µ = 0 then (M, gppw, f) is a gradient Ricci soliton and the result follows
from [4]. If µ = − 1
n
then it follows that (M, gppw) is conformally equivalent to an
Einstein manifold and, since (M, gppw) is locally conformally flat, it is conformally
equivalent to a manifold of constant sectional curvature. Furthermore we also have
that τ = λ = 0 (see [5]) and from Equation (2) we obtain that ∆f = −1
n
‖∇f‖2.
Hence the conformal factor reduces to 1
n
(
1
n
− 1
)
‖∇f‖2, which is zero whenever
n = 1 or ‖∇f‖ = 0, or otherwise positive.
If µ 6= 0 and µ 6= − 1
n
, let f(u, v, x1, . . . , xn) be an arbitrary function. The
gradient of f with respect to (7) is given by ∇f = (∂vf, ∂uf −H∂vf, ∂1f, . . . , ∂nf)
and thus (1) reduces to the following equations:
(12)
1
2
n∑
i=1
∂iH ∂if + ∂
2
uuf −
1
2
∂uH ∂vf + ρ(∂u, ∂u)− µ(∂uf)
2 = λH,
∂2uif −
1
2
∂iH ∂vf − µ∂if∂uf = 0, 1 ≤ i ≤ n,(13)
∂2iif − µ(∂if)
2 = λ, 1 ≤ i ≤ n,(14)
∂2uvf − µ∂uf ∂vf = λ,(15)
∂2vvf − µ(∂vf)
2 = 0,(16)
∂2vif − µ∂if ∂vf = 0, 1 ≤ i ≤ n,(17)
∂2ijf − µ∂if ∂jf = 0, 1 ≤ i 6= j ≤ n.(18)
First we are going to show that ∂vf = 0 and that λ = 0. We argue as follows.
Differenciate (15) with respect to v to see that ∂3uvv f−µ∂
2
uvf ∂vf−µ∂uf∂
2
vvf = 0.
Differentiate (16) with respect to u to see that ∂3uvvf = 2µ∂vf∂
2
uvf and substitute
the third order term to get that µ∂vf∂
2
uvf − µ∂uf∂
2
vvf = 0. Now use (15) and
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(16) to reduce higher order terms to first order terms and get λµ ∂vf = 0. Since
µ 6= 0, either λ = 0 or ∂vf = 0. If ∂vf = 0 then, as a consequence of (15), we also
have that λ = 0. Hence assume λ = 0. Differentiate (13) with respect to xi to get
(19) ∂3uiif −
1
2
(
∂2iiH ∂vf + ∂iH ∂
2
vif
)
− µ
(
∂2ii f∂uf + ∂if ∂
2
uif
)
= 0.
Differentiate (14) with respect to u to see that ∂3uiif = 2µ∂if∂
2
uif . Simplify (19)
using (13), (14) and (17) to obtain
1
2
∂2iiH∂vf = −λµ ∂uf = 0.
Since ∂2iiH 6= 0 for some i (otherwise the manifold is flat), we conclude that ∂vf = 0.
From equations ∂2iif − µ(∂if)
2 = 0 we get that
f(u, v, x1, . . . , xn) = −
1
µ
log{f0(u) +
∑
i
κixi},
for some constants κi and some function f0(u). Substitute H by the expression in
(11) and simplify to see that equations (12)-(18) reduce to the condition
µ ρ(∂u, ∂u)
(
f0(u) +
∑
i
xiκi
)
= f ′′0 (u) + a(u)
∑
i
κixi +
1
2
∑
i
κibi(u).
Since ρ(∂u, ∂u) = −na(u), differentiate with respect to xi to see that
−nµa(u)κi = a(u)κi.
Since a(u) 6= 0 (otherwise the manifold is flat) and µ 6= − 1
n
, we conclude that
κi = 0 for all i = 1, . . . , n and the result follows. 
Proof of Theorem 1. The result follows from Lemmas 7, 9 and 11.
Remark 12. Although Theorem 1 is local in nature, under certain conditions one
can ensure that there exist global examples. Some of the manifolds described in
Lemma 11 can be defined globally: if µ = 0, (M, gppw, f) is a global steady gradient
Ricci soliton and, if µ 6= 0,− 1
n
, a sufficient condition for f to be defined globally
is that a(u) 6= 0 for all u ∈ R. For example, Cahen-Wallach symmetric spaces are
plane waves as in Definition 5 with H(u, x1, . . . , xn) =
∑n
i=1 aix
2
i where a1, . . . , an
are real numbers and hence they provide examples of isotropic geodesically complete
quasi-Einstein manifolds (see [5]).
In contrast, plane waves with H(u, x1, . . . , xn) =
∑n
i,j=1(aiju + bij)xixj where
(aij) is a diagonal matrix with the diagonal elements a11 ≤ · · · ≤ ann non-zero real
numbers and (bij) is an arbitrary symmetric matrix of real numbers, are examples of
two-symmetric manifolds, this is, manifolds satisfying ∇2R = 0 but ∇R 6= 0 [1], [3].
Their Ricci tensor is given by ρ(∂u, ∂u) = −
∑n
i=1(bii+uaii), which shows that the
Ricci vanishes if u = −(
∑n
i=1 bii)(
∑n
i=1 aii)
−1. Hence, a Sturm-Liouville argument
shows that any solution of the differential equation f ′′0 (u) − µρ(∂u, ∂u)f0(u) = 0
has infinitely many zeroes and thus they result in local but not global examples of
quasi-Einstein manifolds [5].
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